There is extensive experimental evidence that, at low temperatures, surface erosion by ion bombardment roughens the sputtered substrate, leading to a self-affine surface. These changes in the surface morphology also modify the secondary ion yield. Here, we calculate analytically the secondary ion yield in terms of parameters characterizing the sputtering process and the interface roughness. © 1998 American Institute of Physics. ͓S0003-6951͑98͒04036-4͔
where r Ќ ϭ(x,y), ␣ is the roughness exponent for the interface h(r Ќ ), h (0) is the mean height of the interface, and ͗ ͘ denotes both ensemble and space average. The scaling function f has the following properties: f (u→0)ϭ1 and f (u→ϱ)ϭu Ϫ2␣ . The correlation length in Eq. ͑1͒ depends on time as ϳt 1/z , where z is the dynamical exponent. 9 The experimental relevance of this scaling relation has been verified by experiments involving 5 keV Ar bombarded graphite 2 and iron surfaces, 5 and 0.5 keV Ar ion-bombarded Si surfaces. 6 Motivated by these experimental studies, analytical investigations have addressed the basic mechanisms determining both the rough and the ripple morphologies. 8, 10, 11 Uncovering the morphological features of ionbombarded surfaces leads to the important and still unexplored question: How does roughness affect the sputtering process? The classical theoretical literature focusing on ion sputtering assumes the existence of a flat surface, ignoring the surface roughness. Exceptions include the work by Yamamura et al., 12 who studied the sputtering yield for rough surfaces using the Monte Carlo code ACAT. However, their model of a rough surface had a regular comb shape, in contrast with the random self-affine interface morphology uncovered by recent experiments.
In this paper we take a first step toward a systematic understanding of the effect of the surface morphology on the sputtering yield. In agreement with experiments we consider that the bombarded surface is self-affine, 9, 13 characterized by a well-defined surface width and correlation length, and derive an expression that provides the yield as a function of the experimental parameters characterizing both the ion bombardment and the surface morphology. A combination of numerical and analytical methods is used to investigate the obtained expression and uncover the behavior of the yield. We find that for the experimentally most relevant parameter range the roughness modifies the yield. In particular, we show that the flat-surface approximation ͑used in all previous analytical studies͒ is valid only when the penetration depth of the ion is much larger than the surface width.
The physical process taking place during ion bombardment is illustrated in Fig. 1 . An ion strikes the surface at point rϭ(x,y,h), and stops at a distance a after all its energy is dissipated due to elastic and nonelastic interactions with the atoms of the material. The energy deposited at point r 0 ϭ(0,0,0) by the ion reaching the point rϭ(x,y,z) is well described by the Gaussian distribution 14 E͑r
where ⑀ is the kinetic energy of an incident ion and the material-dependent parameters and characterize the widths of the energy distribution along z and x(y) directions, respectively.
The erosion rate at an arbitrary point A on the surface is proportional to the energy deposited by all the bombarding ions. The contributions in the total energy at point A come a͒ Electronic mail: alb@nd.edu FIG. 1. Following a straight trajectory ͑the solid line͒ the ion penetrates an average distance a inside the solid ͑the dotted line͒ after which it spreads out its kinetic energy. The energy decreases with the distance from P, the dotted curves indicating schematically the equal energy contours. The energy released at P contributes to erosion at A. from all the points of the substrate R where the ions stop and spread out their kinetic energy, according to Eq. ͑2͒. Thus, neglecting the effects of shadowing and redeposition of the eroded material, we obtain the following expression for the normal velocity of erosion at A:
Here the constant depends on the properties of the substrate [14] [15] [16] and ⌽(r Ќ ,z) is the local correction to the uniform flux J due to local curvature variations. 8 Following Sigmund 11, 14 we assume the following expression for the secondary ion yield:
where n is the density of the target atoms. Limiting the calculations to the case of normal incidence, we obtain the following expression for the local flux variation ͑due to local curvature͒:
…͖. ͑5͒ The exact shape of the self-affine interface cannot be expressed as a simple analytical function. However, we can use probabilistic concepts and the properties of self-affine interfaces to calculate the average yield. 9 The height-height correlation function of a self-affine interface scales as ͓͗h(r Ќ )
2␣ . Thus, if we choose h(0,0)ϭ0, the probability that the surface height at ͑x,y͒ is equal to h(x,y) is given by the Gaussian distribution 9 P͑r Ќ ,h ͒ϭ 1
where w(r Ќ ,) is the interface width. Consequently, instead of performing the integral ͑2͒ over a well-defined surface topology h(x,y), we take an average over all possible configurations, weighting each of them with probability P(r Ќ ,h). Thus we arrive at the following expression for the average yield:
͑7͒
Next we assume that the probability distribution of the height P(r Ќ ,h) and the probability distribution of the height gradient P͓r Ќ ٌ͉ x z(x,y), ٌ y z(x,y)] are decoupled, which is consistent with the random, i.e., self-affine nature of rough interfaces. Using Eqs. ͑2͒-͑7͒ and performing the integral over h we obtain the yield as
To proceed further, we need to include the functional form of the interface width ͑1͒ in Eq. ͑8͒. Using Eqs. ͑1͒ and ͑8͒, we finally obtain the yield as a sum of two integrals
͑11͒
Equations ͑9͒-͑11͒ completely describe the yield as a function of the parameters characterizing the ionbombardment process, such as ion penetration depth a, the widths of the deposited energy distributions, and , and the parameters characterizing the surface morphology, such as the saturation width, w sat , and correlation length . Next we proceed by integrating Eq. ͑4͒ numerically for different values of and a.
18 Figure 2 shows the variation of the total yield with the saturation width w sat for different values of a. This plot allows for direct comparison with experiments since roughness grows with irradiation time as w sat ϳt ␤ , providing a direct relation between w sat and the experimentally available irradiation time.
As Fig. 2 illustrates, two leading behaviors can be distinguished.
͑a͒ w sat Ӷa: In this regime the yield increases with w sat . The origin of this behavior is the following: With an increasing w sat the total area of the surface also increases. If all the sputtering conditions are the same, a larger surface area is known to lead to an increased yield. 19, 20 In the limit ӷw sat we can expand Eq. ͑9͒ for small w sat /a, keeping terms up to the second order. We find that in the initial stages of the roughening process the yield depends on the saturation width as Y ϭY (0)ϩCw sat 2 , the exact expression 21 being
Normalized yield as a function of the saturation width, w sat . We used ϭ21 nm, and the different curves correspond to penetration depths a equal to ͑a͒ 0.5 nm, ͑b͒ 1 nm, and ͑c͒ 1.5 nm. Dashed curves correspond to the parameter free small w sat /a expansion of Eq. ͑9͒, given by Eq. ͑12͒. The inset shows the normalized yield (Y /Y (0)Ϫ1) on a log-log scale for small values of w sat /a, emphasizing the good agreement between the expansion and Eq. ͑12͒.
As Fig. 2 illustrates, Eq. ͑12͒ provides an excellent approximation for small w sat . The experimentally relevant parameter ranges for w sat and span a wide region, depending on the particular realization of sputtering conditions ͑such as the incident ion energy, ion flux, interface temperature͒. 2 However, for many systems this quadratic regime in w sat is the most important experimentally. For example in Ref. 2 w sat varies from 0 to 10 nm, and ϳ0 -25 nm, thus the first 25%-50% of the experimentally available sputtering range is well described by the quadratic law. Furthermore, most technologically relevant sputtering methods require much less erosion, thus these experiments and the entire process will be described by the quadratic law ͑12͒.
͑b͒ w sat ӷa: In this regime the yield decreases with w sat following Y ϳ1/w sat 2 . As the gradients of height variations grow ͑corresponding to wider probability distributions of the height͒ the region R within which the ions contribute to erosion ͓which is defined by the effective cutoff in the energy distribution function ͑2͔͒ at O decreases, thus decreasing the average erosion rate.
A second important quantity characterizing the surface roughness ͑9͒ is the correlation length. Figure 3 shows the secondary ion yield variations with . As one can see, for w sat р, the yield decreases with . As Eq. ͑9͒ indicates, as grows for fixed w sat and r, the width w(r,) decreases, the scaling function approaching the flat surface limit. Indeed, the yield converges to the flat surface limit for large .
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Since for rough surfaces 3, 9 typically уw sat , we expect that for the experimentally available sputtering conditions the yield will decrease with . An important consequence of Fig.  3 is that the flat surface approximation, used in all previous analytical and numerical analysis, can be applied only when ӷw sat . However, we find that in the experimentally relevant region уw sat there are considerable deviations ͑up to more than 100%͒ from the flat surface limit.
In a typical experiment sputtering starts from a relatively smooth surface, which then roughens by ion bombardment.
The interface width is expected to increase as w sat ϳt ␤ and ϳt 1/z . According to our previous discussion, such an increase in the w sat and will result in a modified yield as well. The magnitude of the yield change depends on the interplay between the parameters w sat , , and a, and for a given experiment can be explicitly obtained by integrating Eqs. ͑9͒-͑11͒. Eventually, w sat and reach a saturation value, which is expected to lead to the saturation of the yield as well. The accumulated information on surface roughening, 9,13 combined with Eqs. ͑9͒-͑11͒, allows us to make rather specific predictions on the interplay between the yield and the surface morphology. Since many experimental techniques ͑e.g., secondary ion mass spectrometry͒ probing the material structure rely on the precise determination of the secondary ion yield, the understanding of the morphology-induced yield modifications goes beyond mere scientific interest, having a direct technological impact.
